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Effects of Multiple Scattering on Rocket Exhaust
Plume Smoke Visibility

A. C. Victor*
U.S. Naval Weapons Center, China Lake, California

An approximate method of solution for the scattering of radiation by optically thick media is described.
Multiple scattering functions, analegous to single scattering functions, are derived by a Monte Carlo technique.
For a given particle size distribution, these multiple scattering functions are related only to the single scattering
function and the optical depth. For cases such as combustion smoke in which the particle number density varies
but the particle size distribution is fairly constant, a straightforward method is given for interpreting light
scattering data and for predicting light scattering or visibility. For the cases described in this paper, scattering
by alumina particle clouds with optical depths of 0.2-10, the multiple scattering functions differ greatly from
the single scattering function only in the forward direction. In other directions, the two functions agree within
a factor of 4. The differences would be much greater for nonabsorbing particles. The results are compared to
earlier rocket exhaust smoke visibility calculations that presumed single scattering. For an optical depth of
< 0.5, a single scattering computation is adequate. Lambert law reflection is an extreme assumption correspond-

ing to optical depths significantly >10.

Nomenclature

a = particle radius, m

d = diameter [Eq. (4)]

F = scattering function

i = Mie function

£ = distance from scattering particle to detector, m

L = distance light packet travels between interactions
with particles, m

LP = light packet; may be considered to be a photon

n = particle concentration, m—3

PR, = probability that light packet particle interaction
occurs at length L into the scattering volume

PR, = probability that particle involved in the interaction
is of radius r

PR; = probability that light packet is absorbed

PR, = probability that scattering angle is 6, in £-{ plane,

based on single-scattering Mie functions for the
particle distribution

PR; = probability that scattering angle is ¢, in £&-n plane,
based on single-scattering Mie functions for the
particle distribution

Q.,s = absorption coefficient, single particle

Qext = extinction coefficient, single particle

r = radius of specific particle, m

r = radius of ‘‘average’’ particle

r, = radius of specific particle, um [Eq. (3)]

x,y,z = Cartesian coordinates of particle-containing sphere,

with initial LP vector along z

a = multiple scattering factor [Egs. (1) and (2)]

&, = Cartesian coordinates of LP-particle interaction,
with £-¢ plane parallel to z axis

0 = scattering angle in £-{ plane

A = wave length of radiation, m

T = optical depth [Eq. (4)]; this is the exponential term
in the Beer-Lambert transmission-attenuation
equation
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¢ = scattering angle in £-n plane
Subscripts
i = incident
K = index referring to particles of a specific radius rg
ms = multiple scattering
0 = original (a special case of incidence)
s = scattered
$s = single scattering
Introduction

N earlier paper described a method for calculating the

visibility of smokey rocket exhaust plumes, assuming
single scattering by a polydispersion of small alumina parti-
cles.! The current study is directed toward expanding the
single scattering method to optically thick plumes that require
multiple scattering calculations.

Many authors have described methods for computing multi-
ple scattering (or ‘‘radiative transfer’’). All of these methods
suffer from one or more of the following shortcomings: math-
ematical complexity, inaccuracy, conceptual obscurity, or
long computation times.?"*

The solution of a number of practical problems would be
simplified if the multiple scattering problem could be shaped
into the form of the single scattering function. This would be
particularly useful for cases in which the particle size distribu-
tion is invariant despite variations in particle number density.
Many combustion smokes fall into this category. Unfortu-
nately fog, clouds, haze, and condensation contrails have
fairly complex variations in both particle size and number
density distribution, which would decrease the usefulness of
such an approach.

Monte Carlo techniques for calculating multiple scattering
are well known and conceptually very simple. The major
disadvantage of these techniques is the long computation
times required if many different problems are to be solved.
However, in certain problems enough variables remain con-
stant that the results of a few Monte Carlo calculations may be
saved and reused even though other parameters of the prob-
lem change. One example of this involves combustion smoke
for which the particle size distribution remains fairly constant
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despite large variations in smoke concentration. For such
cases one would expect the angular distribution of multiply
scattered light emerging from smoke clouds to be a function of
cloud shape and optical depth, and independent of cloud
dimensions.

A further refinement can easily be envisioned, although it is
not pursued in this study. If the elemental multiple scattering
cloud is conceived as a sphere, then the calculation of radiative
transfer between a few such spheres should be a reasonable
way of simulating the multiple scattering effects of an irregu-
larly shaped volume.

The technique described in this paper was developed to
predict the effects of multiple scattering in rocket exhausts
containing alumina particles, the subject of the earlier paper
(Ref. 1).

Initially it was the author’s intention simply to use Monte
Carlo calculations to assess the importance of multiple vs
single scattering in these exhausts. However, it quickly became
obvious that if one assumed a spherical shape for the scatter-
ing volume (V) and forced every light packet (LP) to pass
along a diameter of the sphere, the sphere would in effect
enclose nV particles, each of which scattered identically but
with a scattering function determined by the single scattering
Mie function of all the different-size particles in the volume,
the particle size distribution, and the number of particles in
the volume. Since an effective single scattering function could
be (and in fact previously had been) written for such a vol-
ume,! obviously a similar multiple scattering function could
also be defined. It was simply a matter of normalizing the
multiple scattering function to a base comparable to that used
for the single scattering function.

Multiple Scattering Calculation

The beauty of the Monte Carlo method for multiple scatter-
ing calculations lies in its simplicity. In using this method
individual LP’s are traced in a computer code as they interact
with particles in the volume under study. Whenever an interac-
tion occurs, the result is computed probabilistically. The LP is
traced through all its interactions until it leaves the volume
either by absorption or by being scattered out. The logic flow
of the scattering calculation is shown in Fig. 1.

The geometry of the generalized scattering interactions is
shown in Fig. 2. The x, y, z coordinate system is determined by
the problem geometry in such a way that the original source is
at z = — oo and the origin is at the center of the volume under
consideration (a sphere of radius R,). For any scattering, the
LP is assumed to be traveling in the direction 6;, ¢; and to have
traversed a distance L from the previous scattering location x;.
Y1, Z1. (For the initial case, x; =y, =0, 7= —R,, 6; =0,
¢; = 0.) The new scattering center is at

X; = X1 + L sinf; coso;
Yo=Y+ L sin0,~ Sin(i),’
2 =2 + L COSe,'

If this point lies within the defined volume (x? + y# + 22 <
r?), the LP scatters in a direction 8, ¢, with respect to its
previous line of motion ({ axis in Fig. 2). The symmetry of the
scattering permits flexibility in the choice of the ¢ axis; for
convenience, the £-¢ plane is chosen to be parallel to the z axis.
The new direction of motion (@,, ¢,) for the LP with respect
to the fixed axes is then given by
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Fig. 1 Flowchart of Monte Carlo multiple scattering calculation.

The values are then updated; 6; is set equal to 6,, ¢; to ¢,,
X; to Xx,, etc.; a new value for L is obtained, and the next
scattering is treated.

Multiple Scattering Functions

The value of the single scattering function at any angle is
proportional to the scattered energy at that angle divided by
the energy incident on the particle. The same proportionality
must hold for multiple scattering functions. The values of the
multiple scattering functions are calculated after an entire
Monte Carlo run has been made and the number of light
packets is known.

cos 0, = cos §; cos 6; — sin 6, cos ¢, sin 6;

cosf; sinb; sing; + sinfy cose, cosh; sing; + sinf, sing, cose;

tan ¢, =

cosf, sinf; cos$; + sinf cosds cosh; cosep; — sinf, sing; sing;
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Fig. 2 Geometry of scattering interactions.

Input for the multiple scattering computer code consists of
particle radius rg, particle number density ng, extinction coef-
ficient Qex,,, absorption coefficient Qgps,, and values of the
single scattering Mie coefficients (i) + i)k, for a number of
angles sufficient to construct a curve of the Mie function. The
same information is needed for every particle size chosen to
represent the homogeneous distribution in the scattering dis-
tribution. The single scattering Mie coefficients and absorp-
tion and extinction coefficients are generated by a separate
code. Additional input consists of the diameter of the spheri-
cal scattering volume and the number of light packets to be
used for each individual problem analysis.

The average single scattering optical properties of the vol-
ume can be summarized as follows:

F= <anrz%/2nx)%
K K
Qext = ;nKQextKrl%/;nKrlz(

(Qabs)ss = ZnKQabsKrlz(/EnKr}(
K K

The values of 7 and Q. will also apply to the multiple
scattering problem. However, because the probability of ab-
sorption increases with the number of interactions, the ab-
Torption coefficient will be larger for multiple scattering prob-
ems.
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Fig. 3 Calculated Mie functions for Al,O3 particles with refractive
index m = 1.71-0.01i for A = 0.55 um (from Ref. 5).

number of LP’s absorbed
number of LP — particle interactions

(Qabs)ms = Qext<
The multiple scattering function F,,((#) is given by
Fu(0) = a(®)1ir(0) + i2(0)] 1)

where

< number of LP’s scattered at 8 >
total number of LP interactions.
a(f) = - - @)
[11(6) + ix0)]
Lng [[i1(6) + i(0))kd 6

EnK

For a scattering substance in which the particle size distribu-
tion remains the same despite changes in the particle concen-
tration, a(6) will vary as a function of the optical depth of the
scattering medium. This is shown for a particular case in the
next section.

Sample Case

The case examined here involves scattering of visible light
(A = 0.55 um) by an exhaust dispersion typical of aluminized
rocket motor propellants (containing aluminum oxide). The
particle size distribution is given by Eq. (3) (taken from Ref.
1) for particles-m~3 at a density equivalent to 1% aluminum
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Table 1 Properties of scattering particles for A = 0.55 pm

Radius, um No. density,” m~3 Qext Qabs
5.6 18 () 1.06 0.434
2.8 12 9 1.07 0.369
1.4 4.8 (10) 1.24 0.268
0.70 1.24 (11) 1.43 0.189
0.35 1.13 (11) 1.74 0.115
0.18 4.75 (11) 1.51 0.0465
0.088 9.3 (11) 0.225 0.0146
0.044 6.1 (11) 0.0184 0.0051
0.022 1.7 (11) 0.0030 0.0022
0.011 2.6 (10) 0.0012 0.0011

Per 1% alumina by weight in volume. "Numbers in parentheses represent
powers of 10.
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Fig. 4 Dependence of multiple scattering on optical depth.

oxide by weight suspended uniformly in the exhaust gas.
Spherical particles were assumed in all calculations.

ng(r) = 1.11 X 10%rlexp(—35.9r2%)
+5.33 X 108r)exp(—6r,) 3)

The single scattering Mie functions for the important size
particles in this distribution are shown in Fig. 3.
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Table 1 summarizes the properties of the particles. All
calculations were made for spheres of 1-m-diam with the
optical depth varying from 0.02-10.0.

7= <;nmrn%QextK>d @)

The results of the calculations are shown in Fig. 4 as curves
of a(8) vs 6 for five values of optical depth. The value at any
angle was smoothed by the computer code if the value at that
angle corresponded to less than 2% of the total scattered
radiation. Since the multiple scattering curve for an optical
depth of 0.5 is within 20% of the single scattering curve at all
points, it may be safely assumed that single scattering calcula-
tions are usually sufficiently accurate for lower values of
optical depth.

The function of a(f) in Fig. 4 follows the form of orthogo-
nal polynomials known as Gegenbauer (ultraspherical) poly-
nomials,58 C(x), as given in Eq. (5).

a(6) = exp(CP (x)] &)

where x = 0.00256 — 1; 6 = scattering angle, deg; 8= 7/10;
and n = 5.

Solution of Eq. (4) for the parameters in Table 1 gives an
optical depth of 0.96 for a 1-m path length (d). (Because of the
specific particle size distribution used in this case, only parti-
cles with radii between 2.8 and 0.18 um are important in the
solution.) This result may be interpreted to indicate that the
curve for an optical depth of 0.5 in Fig. 4 applies toa 1 m
sphere of exhaust gas containing 0.52 weight percent of alu-
mina particles. By the same interpretation, the curve for an
optical depth of 10 applies to a sphere of gas containing 10.4
weight percent of alumina particles.

Discussion and Conclusions

The results of this study have direct applicability to the
results of Ref. 1. In the earlier paper it was assumed that single
scattering applied up to a limit, above which Lambert law
reflection was assumed to apply [Egs. (20) and (21) of Ref. 1].
Comparison of angle-dependent Lambert scattering values in
Fig. 7 of Ref. 1 with Fig. 4 here shows that Lambert law reflec-
tion is an extreme assumption corresponding to optical depths
significantly greater than 10.

The general effect of multiple scattering, as determined in
this study, can be compared with absolute calculations of
single scattering in the earlier paper to arrive at the following
generalizations for application to plume visibility predictions.

1) The total radiation scattered by the plume is not substan-
tially changed for moderate-size rocket exhaust plumes.

2) The most notable effect of multiple scattering is to flat-
ten the prominent angle-dependent irregularities in the single
scattering curve.

3) Optically dense plume visibility from forward scattering
may be substantially lower than single scattering calculations
predict.

4) Optically dense plume visibility from back scattering is
close to the same predicted by single scattering calculations.

5) For large values of optical depth, multiple scattering
increases the plume signature most for scattering angles of
60-170 deg. Since this is the angle range for which single
scattering values are lowest, the net effect on overall plume
visibility is not substantial.

For the conditions of rocket exhaust gas containing 40
weight percent alumina at the nozzle (close to the upper limit
for metalized composite rocket propellants), the optical depth
of a 1-m-diam plume will be greater than 0.5 only where the jet
has not been diluted by air to an extent of 77 times or more
(dilution value of 0.013 or less). According to Egs. (2-5) of
Ref. 1, this condition can occur at sea level for rocket motors
with thrusts of 8 kN (1800 1b) or more. For such motors, this
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condition will exist for substantial lengths of the plume flow-
field only for missiles moving at speeds in excess of Mach 2.
For slower moving missiles, the dilution value drops rapidly
with plume length, and nontrivial values of optical depth will
persist for relatively short lengths.

The optical depth, as derived here, is proportional to the
propellant aluminum concentration and to the square root of
the rocket motor thrust, which determines the optical path
length (nominally 1 m in the preceding plume example).
Therefore, it is easy to see that plumes of larger motors,
particularly those moving at speeds in excess of Mach 2, will
have persistent higher optical depths. The same calculational
conditions as above for a rocket motor thrust of 285 kN
(64,000 1b) lead to an optical depth of 3.

Some errors are bound to arise when these simple calcula-
tions based on spherical multiple scattering results are applied
to long, thin plumes. For example, the optical depth at orien-
tations other than broadside to the plume will be larger than
broadside values; this will lead to different scattering behavior
from that indicated for spherical geometries in Fig. 4. For
some scattering angles, the plume shape will cause multiple
scattering effects to predominate in certain directions. How-
ever, the aforementioned general conclusions are not likely to
be seriously wrong.

The calculational method described in this paper can be used
in a similar manner for other combustion smokes. (Its greatest
advantage is realized for situations in which a common particle
size distribution can be applied over a wide range of condi-
tions, and thus avoid repetition of the Monte Carlo computa-
tion.) Such situations should exist for a number of stack
smokes and fires (industrial, agricultural, and accidental).

The Monte Carlo computation can also be used for vapor
condensation fogs, clouds, contrails, and the like. However,
since particle distributions in these ‘‘smokes’’ have strong
dependencies on ambient conditions, it is not likely that it will
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be possible to avoid repeating the computation for each sepa-
rate case studied.

The boundary conditions for spherical geometry and single
axis LP source adopted as simplifications in this paper can be
replaced readily by specific three-dimensional geometries to
adapt the computational method to arbitrary smoke cloud
shapes.
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